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Abstract

We propose integrable discretizations of derivative nonlinear Schrodinger
(DNLS) equations such as the Kaup—Newell equation, the Chen-Lee—Liu
equation and the Gerdjikov—Ivanov equation by constructing Lax pairs. The
discrete DNLS systems admit the reduction of complex conjugation between
two dependent variables and possess bi-Hamiltonian structure. Through
transformations of variables and reductions, we obtain novel integrable
discretizations of the nonlinear Schrodinger (NLS), modified KdV (mKdV),
mixed NLS, matrix NLS, matrix KdV, matrix mKdV, coupled NLS, coupled
Hirota, coupled Sasa—Satsuma and Burgers equations. We also discuss
integrable discretizations of the sine-Gordon equation, the massive Thirring
model and their generalizations.

PACS numbers: 02.30.1k, 05.45.Yv, 42.81.Dp, 45.05.+x

1. Introduction

The inverse scattering method (ISM) was invented by Gardner ez al [ 1] more than 30 years ago.
They expressed the KdV equation as the compatibility condition of an eigenvalue problem
and time evolution of the eigenfunction, and solved the KdV equation through the inverse
problem of scattering. A pair of operators which defines the eigenvalue problem and the time
evolution is now called the Lax pair. Zakharov and Shabat [2, 3] considered a generalization
of the eigenvalue problem and solved the nonlinear Schrédinger (NLS) equation

W + Uy, — 2uvu = O 1V — Uy +2vuv = O (1.1)

under some conditions via the ISM. It is noteworthy that the NLS equation (1.1) is integrable
for matrix-valued variables # and v [4—7]. Throughout this paper, we use the symbol italic
O when dependent variables in the equation considered can take their values in matrices.
Ablowitz et al [8] formulated the Zakharov—Shabat method in a plain manner and constructed
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the hierarchy of the NLS equation (1.1). Up to now, a variety of nonlinear evolution equations
in continuous spacetime have been solved via the ISM based on modified versions of the
Zakharov—Shabat eigenvalue problem (see, e.g., [9-17]).

In the remarkable paper [18], Ablowitz and Ladik proposed a natural discretization of the
Zakharov—Shabat eigenvalue problem and obtained a discrete NLS hierarchy. Their success
suggests that discrete integrable hierarchies are obtained through natural discretizations of the
modified Zakharov—Shabat eigenvalue problems. It is, however, quite difficult to find such
discretizations directly. In a few successful studies [19-21], the difficulty is avoided skilfully
with the help of alternative approaches. Hence, wide applicability of Lax-pair formulations
has not been established in the theory of discrete integrable systems.

In this paper, we discuss integrable discretizations of derivative NLS (DNLS) equations
and related systems by elaborating a new formulation of Lax pairs. Among the DNLS
equations, the following three representatives are well known [22-24], i.e. the Kaup—Newell
equation [15],

igf + 45, —i(g"rtqNy =0 irf =l =10 ),y = 0 (1.2)
the Chen—Lee—Liu equation [25],

i, + 4y —iq,rtqt =0 i —r, —irfqtry =0 (1.3)
and the Gerdjikov—Ivanov equation [26],

G,.G G, 1 _G.6,G.G,G 19)

: G G : G 5 .G 1.6,G.G G.G
19, ¥4, t1q1.q +3917°q 1 q = 0.

.G G .G G .G 5
1, —r +1r q r-— —21’ q r q r =
(1‘ )

It has been shown that (1.2)—(1.4) are integrable for matrix-valued variables [27-29] (see
[30, 31] for complete lists of integrable coupled DNLS equations). The DNLS equations (1.2)—
(1.4) correspond to special cases (§ = —1/2, —1/4, 0, respectively) of the generalized DNLS
equation [32]

iq; + Gux +1(48 + 1)g°re +4i8qqer + (8 +1/2)(48 + g’ r? =0

(1.5)
ir, — roy +1(48 + Dir’qy +4i8rrg — 8+ 1/2)(48 + Drg? = 0.

The zero symbol O indicates that the dependent variables are restricted to scalars. We generate
(1.5) from the Gerdjikov—Ivanov equation (1.4) via the transformation

q = q°exp (—2i8/ q°re dx/) r=r%exp <2i8/ q°r° dx/> . (1.6)

A comprehensive description of physical applications of the DNLS equations as well as their
exact solutions can be found in [23, 24]. An integrable discretization of the Chen—Lee—Liu
equation (1.3) was proposed by Date, Jimbo and Miwa [33]. However, their scheme does
not admit the reduction of complex conjugation between g, and r,. Therefore it is of little
practical use. In other studies on discrete DNLS equations [34-36], equations of motion are
not explicitly given. Practically, little is known about natural integrable discretizations of the
DNLS equations.

To solve this problem, we consider discrete analogues of relations between the DNLS
hierarchies and a generalization of the NLS hierarchy [15, 22, 37, 38]. We extend the
Lax-pair formulation of Ablowitz and Ladik to obtain a generalization of the discrete
NLS (Ablowitz—Ladik) system. We find that integrable discretizations of the DNLS
equations (1.2)—(1.4) together with their higher symmetries are embedded in the generalized
Ablowitz—Ladik system. With appropriate gauge transformations, we obtain standard forms
of eigenvalue problems for the discrete DNLS systems. Using a discrete version of the
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transformation (1.6), we obtain a discrete generalized DNLS system. All the discrete DNLS
systems with one exception admit the reduction of complex conjugation. Thus they inherit
the crucial property of the continuous DNLS systems. Through simple transformations and
reductions for the discrete DNLS systems, we obtain integrable discretizations of various
systems, e.g. the mixed NLS, matrix NLS, matrix KdV, matrix modified KdV (matrix
mKdV), coupled Sasa—Satsuma and Burgers equations. In this way, we can derive integrable
discretizations of surprisingly many systems from one generalization of the Ablowitz—Ladik
formulation. This exemplifies that some approaches based on a Lax-pair formulation are very
fruitful in the study of discrete integrable systems.

The sine-Gordon equation and its generalization are integrable via the ISM based on
the Zakharov—Shabat eigenvalue problem [39, 40]. In contrast, Ablowitz and Ladik were
unsuccessful in obtaining a local discretization of the sine-Gordon equation (cf (2.10) in [18]).
This does not indicate that their discretization of the Zakharov—Shabat eigenvalue problem is
useless in studying discrete sine-Gordon equations. It is just because time evolution of the
eigenfunction assumed in [18] is too general and inappropriate. We prove that discrete
sine-Gordon equations and their generalizations are associated with the Ablowitz—Ladik
eigenvalue problem (see appendices A and B). The massive Thirring model and its variant
types are known to have the same eigenvalue problems as the DNLS equations have [13-15,
27, 29, 37]. In particular, the massive Thirring model and the Chen—Lee—Liu equation (1.3)
have the eigenvalue problem in common. This indicates that the massive Thirring-type models
are related to some generalization of the sine-Gordon equation. Combining these items of
information, we derive integrable discretizations of the massive Thirring-type models from
the eigenvalue problems for the discrete DNLS systems.

This paper consists of the following. In section 2, we show that the DNLS equations
are embedded in a generalization of the NLS equation, and propose a generalization of
the Ablowitz—Ladik system. In section 3, we reveal that space discretizations (in short,
semi-discretizations) of the DNLS systems are embedded in the generalized Ablowitz—Ladik
system. In section 4, we obtain a variety of integrable lattice systems related to the semi-
discrete DNLS systems. In section 5, we investigate semi-discretizations of the massive
Thirring-type models. Section 6 is devoted to concluding remarks.

In the present version of this paper, we do not discuss time discretizations of the semi-
discrete DNLS systems. Some of the results on this problem can be found in old versions of
this paper (arXiv:nlin.SI/0105053 ver. 1 or 2).

2. Preliminaries

In this section, we first show that the DNLS equations (1.2)—(1.4) are embedded in a
generalization of the NLS equation (1.1). Next, we extend the Ablowitz—Ladik formulation
to obtain a semi-discretization of the generalized NLS system.

2.1. Embeddings of the DNLS equations into a generalized NLS equation

Let us begin with a brief description of Lax pairs. We consider a pair of linear equations
v, =UV¥ v, =VWV¥ 2.1)
for a column vector W. The subscripts x and ¢ denote the partial differentiations by x and ¢,

respectively. U and V are square matrices which depend on a parameter. The compatibility
condition of (2.1) is given by

U -V, +UV -VU =0 2.2)
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which we call the zero-curvature condition. If we choose the matrices U, V appropriately,
(2.2) gives a system independent of the parameter. In such cases, the pair of matrices U, V
and the parameter are called the Lax pair and the spectral parameter, respectively.

We introduce the following form of the Lax pair:

U=ix [_I‘ } + [w ”} (2.3a)
15 vos

—21 2u c Uy — WU+ US
a2 1 . X
V=i [ 2,2}”[21) }H[_vx_vwm y } (2.3b)

Here A is the spectral parameter. U and V are divided into four blocks as (/1 + 1) x (I + )
matrices. Iy and I, are, respectively, the [; x [y and [, x [ unit matrices. w, s, u, v are
matrix-valued variables. ¢ and d are arbitrary functions at this stage. Substituting (2.3) into
the zero-curvature condition (2.2), we obtain the following system (see (26) in [41] for the
case of scalar variables):

iw; + ¢y —we +cw+ (uv), + uvw — wuv = O

is; +dy —sd +ds — (vu), — vus +svu = O 2.4)
Wy + Uy, —ud~+cu — wu —2wux+2uxs+usx+w u—2wus+us>=0

iU, — Uyx — V€ +dV + 5,0 + 250, — 20w — VWy — $20 + 250w — vw? = O.

We call (2.4) the generalized NLS equation. If we set w = O,s = O,c = —uv,d = vu,
(2.4) is reduced to the matrix NLS equation (1.1).

We already know Lax pairs for the matrix DNLS equations (1.2)—(1.4) [29]. With the
help of gauge transformations, we can transform the Lax pairs into the form (2.3) (see, e.g.,
[42]). Thus the DNLS equations are embedded in the generalized NLS equation (2.4). We
omit details and show the main results in the following. For simplicity of the embedding
formulae, we change the scalings of variables in (1.2)—(1.4).

(a) If ¢* and r* satisfy the Kaup—Newell equation,
igf +q5, +2(¢"r*¢"), = O irf —r +20%¢"r. = 0 (2.5)
w, s, u, v defined by

w = —qg"“r* s =r¢q~ u=q" v=ry —rqg*r®

satisfy the generalized NLS equation (2.4) with

K _K K _K

=riqy +2r¢q*r<q~.

K K _K_K d

c = —qir® = 2q¢"r*q"r
(b) If g€ and r€ satisfy the Chen—Lee—Liu equation,

ig; +qy, +2q,r°¢° =0 e —rS +2r%rS = 0 (2.6)
w, s, u, v defined by
w=0 s =rq" u=q° v:rf

satisfy the generalized NLS equation (2.4) with
d =rq +r°q°req°.
(c) If ¢° and r€ satisfy the Gerdjikov—Ivanov equation,
iq; + 4y, —2q°r,q" —2q°r°q°rq° = 0
G, G..G_G_ .G 0

iry —re. = 2rqire +2r°q°roq°r® =

_ c.c
C——q}")C

GGG

2.7)

1 and v defined by

u=q"° v=ri+r°°re

satisfy the matrix NLS equation (1.1).
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2.2. Generalization of the Ablowitz—Ladik system

We consider a semi-discrete version of the linear problem (2.1):

Wy = LW, W, = M,\,. (2.8)
The compatibility condition of (2.8) is given by

Ly:+ LMy — My L, = O (2.9)

which is a semi-discrete version of the zero-curvature condition (2.2).
We generalize the Lax pair proposed by Ablowitz and Ladik [18] and consider the

following form:
2 —1 b -1
L [zw,, Uy, :| M z?aly + ¢, zaw, uy + Jup-15,
n = 1 = -1, b1 b
Un  ZSn 2V W,y + 28, Un dy+ 5D

j| . (2.10)
Here z is the spectral parameter and a, b are constants. L, and M, are divided into four blocks
as ([{ +1») x (I; + ) matrices. I, and I, are unit matrices. w,, S, U,, v, are matrix-valued

variables. ¢, and d, are arbitrary functions. Substitution of the Lax pair (2.10) into the
zero-curvature condition (2.9) yields the following system:

-1 -1
Wy, + WyCp — Cppl Wy + AUy VW, — AW, Ups Uy = O

-1

—1
Spt + Spdy — dpg1Sp +bvgun 18, — bs,  Uppitty = O

| (2.11)
i — AW, Un1sy, = O
;+1]

Up,t + Updy — CpytUhy + bWy, 15,

—1
Ut + UnCp — dpg1 Uy + a0 w,_ — bs, Uppiw, = O.

We call (2.11) the generalized Ablowitz—Ladik system. When just two of w,, s,, u,, v, are
functionally independent, we may determine c,, d, from the consistency of (2.11). If we set
w, = 11,5, = Lh,c, = —all; +u,v,_1),d, = —b(lr + v,u,_1), (2.11) is reduced to the
matrix Ablowitz—Ladik system [43—47]:

Up; — AUpyr +bu,_ 1+ (a — D)u, + aupyvu, — bu,vpu,—) = O

(2.12)
Upy — bugy +avy_) + (b — a)v, + boypuyv, — avyu,v,— = 0O

The system (2.12) with b = a* admits the reduction of complex conjugation v, = ou,
and not the reduction of Hermitian conjugation v, = ou. Throughout this paper we use
o to denote an arbitrary (but usually nonzero) real constant. We can construct an infinite
set of conservation laws for (2.11) by a recursive method [44, 45]. The first five conserved

densities are

trlogw, trlogs, trlog (wn — u,,sn_]v,,) tr (unvn,lw;_llw;l) tr (vnun,ls;_lls;]).

The generalized Ablowitz—Ladik system (2.11) gives a semi-discretization of the
generalized NLS equation (2.4) together with its higher symmetry. To see this, we suppose
the following scalings for (2.11):

w,(t) =11 + Aw(x, t) sp(t) = I+ As(x, t) u,(t) = Au(x,t) v, (1) = Av(x, 1)

i i ) i )

a=—b= e c, (1) =—p11+1c(x,t) d,(t) = F12+1d(x,t).

Here A denotes the lattice spacing and x = nA. In the continuum limit A — 0, (2.11)
is precisely reduced to (2.4). A correspondence between the spectral parameters is given by
z = exp(—iAA). In the next section, we show that semi-discrete DNLS systems are embedded
in (2.11) through lattice analogues of the formulae (a)—(c) in section 2.1. We also mention that
a system of semi-discrete coupled NLS equations is obtained as a reduction of (2.11) [45].
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3. Semi-discrete DNLS systems

In this section, we obtain semi-discrete DNLS systems by considering lattice analogues of
(a)—(c) for the generalized Ablowitz—Ladik system (2.11). Through a discrete analogue of the
transformation (1.6), we obtain a semi-discrete generalized DNLS system.

3.1. Semi-discrete Kaup—Newell system

We find that a lattice analogue of (a) is given as follows.

(A) If g, and r)’ satisfy the system

—1 —1 -1
dni—a(h —quarm)  ara+a(hi—ayry) an —b(Li+qyry,) 4y
+h(L+gf ) gk =0 (3.1a)
—1 —1 -1
e —b(LAryagy) matb(bh+rigy ) r—a(b—ryqy) 1y
va(b—ri g ) i, =0 (3.1)
Wy, Sp, Un, U, defined by

wo=h=q,ry  Si=hArad, U=, V=T =0 = Tadely
(3.2)
satisfy the generalized Ablowitz—Ladik system (2.11) with

e = bl —a(h —gir) " +b(h+gi )

. . (3.3)

dy=—ab+a(hL—riqy) —b(L+rig ) .
The system (3.1) witha = —b = i gives an integrable semi-discretization of the Kaup—Newell
equation (2.5), while (3.1) with @ = b = —1 gives an integrable lattice version of a higher

symmetry of (2.5) (cf (3.39) in [27]).

To consider the reduction of complex conjugation or Hermitian conjugation, we suppose
that g; and r;; are defined on the fractional lattice n € Z/2. If b = a*, the semi-discrete Kaup—
Newell system (3.1) admits either the reduction ) = iaqr':f% or the reduction ) = iog"!

-
n=s3

This property is crucial for various applications of (3.1).
Through the gauge transformation

_|[f@nh o
D, = I:_%’"rlf b v, 3.4
where f(z) is an arbitrary function of z, the linear problem (2.8) and the Lax pair (2.10) with
(3.2) and (3.3) are changed into

Dy = L:q)n q)n,t = M:CI)n

and

<h=(=2)ain f@a [zll zf(z)q“] I 0
L, = /) 4n'n n| _ n ] ] ] 3.50)
[f%(‘“z%)’ff b 0 L [l b

ral n Z
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a2 = ) +b (~1+ )] 1y 1@ az (=) o
sb (1= L) (h+qt ) s (hegir) ]

féz) [a (_Z"'%) (Iz_r:71q571)71r571 —

b —1+L2) L+rigk_
b (Lo d) (n+rigr) ] ) (riar)

_(3.519)

We can check that substitution of the Lax pair (3.5) into the zero-curvature condition (2.9)
yields the semi-discrete Kaup—Newell system (3.1). If we set

! : 12 K 1A : K 1A 2
f@) = _1+z_2 z = exp(—ig~A) h=\"5) & n=\=5) m

the L,-matrix (3.5a) has the following asymptotic form:

« _ |1 -2l Lqa 2
L, = [ 12}+A|: tr i§2IJ+O(A ).
Consequently, in the continuum limit A — 0, we recover the eigenvalue problem proposed
by Kaup and Newell [15].
For the time being, we assume without loss of generality that g, and ) are square matrices.
If necessary, we append dummy variables to g, and ) which are finally equalized to zero.

Then a set of Hamiltonian and Poisson brackets for the semi-discrete Kaup—Newell system
(3.1) is given by

H= Z [—a log det (I —qyry) +blogdet (I +qrrs,, )] (3.6a)

and
lax®an)={r®n}=0 lax®ry} = Gueim — 8um)1. (3.6b)

Here IT denotes the permutation matrix: IT;} = &;;8; x. Itis easily proved that Gn: = {q,‘f, H }
andr, , = {r,'f, H } coincide with (3.1a) and (3.1b), respectively.

Let us prove that in the periodic boundary case (q,':JrM =q5 Ty = r,'f) (3.1) has an
involutive set of conserved quantities. We introduce new variables p) by g, = py,, — p, and
Dyey = Dy» Which satisfy ultra-local Poisson brackets:

{pmept={nemnt=0  {pen}=su.l
For convenience, we set f(z) = 1/z. Applying a gauge transformation to the L,-matrix
(3.5a), we obtain a new ultra-local L,-matrix:

kv — | =1 Past| x| Pa
E"(Z)_[o 1| lo 1

_ [« (= LY [Parn —Pa = Paripn
2 )L Py 1

The matrix £} (z) satisfies the fundamental 7-matrix relation:

(L5 ® Ly, (1)} = 8um [L50) ® L3y, (), r(h, )] - (3.7)
Here r (A, w) in the case of scalar variables is given by
1
_ 02— n@?-n| 01
r(h, p) = _W 1 0 (3.8)
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r (A, p) for matrix-valued variables is given by replacing the ones in the matrix (3.8) with the
permutation matrix I1. This is similar to the -matrix given in [7].
The fundamental r-matrix relation (3.7) results in commutativity of the traces of

the monodromy matrix £},L},_,--- L} for different values of the spectral parameter.
This generates a set of M conserved quantities in involution. Owing to the relation
tr (ﬁ‘,i,‘,ﬁ‘j‘,k1 . £'f) = tr (LKMLKAF1 . L'f) we can write the conserved quantities in terms

of the original variables g, and r;;. The set of conserved quantities includes the Hamiltonian
(3.6q) itself.

3.2. Semi-discrete Chen—Lee—Liu system

We find that a lattice analogue of (b) is given as follows.

(B) If g, and r,, satisfy the system

g, —a (g5 —af) (h+rsql) —b (g —qi_y) (L+riqs_,)” =0

3.9
—1
e = b(L4raa) (e —r)) —a(b+rg) (=) =0

Wy, Sy, U, U, defined by

w, = I sp =D +ry.qy u, =q, Uy =Ty — Iy (3.10)

satisfy the generalized Ablowitz—Ladik system (2.11) with

en = —aly —agqy (ry —ry_,) dy=—b(L +r,qul_])71 +arsqy. (3.11)
The system (3.9) with a = —b = i gives an integrable semi-discretization of the Chen—Lee—
Liu equation (2.6), while (3.9) with @ = b = —1 gives an integrable lattice version of a higher

symmetry of (2.6) (cf (3.37) in [27]).

Unfortunately, the semi-discrete Chen—Lee—Liu system (3.9) admits neither the reduction
ry = ioq,”, nor the reduction r; = ioq,fT_k. This is an intrinsic drawback for practical use.
We obtain an alternative semi-discretization of the Chen—Lee—Liu system, which admits the
reduction of complex conjugation, in section 3.5.

Through the gauge transformation (3.4), replacing ) by r;, the linear problem (2.8) and
the Lax pair (2.10) with (3.10) and (3.11) are changed into

Dy = Lfl o, G, = qu)n
and
Lo | b+ lgire  fQ@qs (3.12a)
= 1 1 1 !
n m (—1 + 1—2) r,f EIZ
[0 — 2+ 511 +a (I +g5rc ) | £@ [azas
b -1 -

~ (h+ ) + 2 (g ) ]

M = ) (3.12b)

75 a2+ Dy

b(—1+L) (L+rsge )
| b (=L k) (s ) ] ) i)

We can prove that substitution of the Lax pair (3.12) into the zero-curvature condition (2.9)
yields the semi-discrete Chen—Lee—Liu system (3.9). With appropriate scalings, we reproduce
the eigenvalue problem for the Chen—Lee—Liu system in the continuum limit.
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3.3. Semi-discrete Gerdjikov—Ivanov system
We find that a lattice analogue of (c) is given as follows.

(C) If g and r; satisty the system

4y — a4y +bg,_ +(a —b)g, +aqy,, ( Tyl — )qn —bg, ( S ’"r?) 951

+aqn 1 10wy — b2y 90T G- = O (3.13a)
—bri +ary_ + b —a)y] —br), ( —q,_ 1)}"G+arG (‘1;_%?71)’";71
DT T Ty — ATy Ty = O (3.13b)
u, and v, defined by
Un =4, Un = Ty = 1 F a4, Ty (3.14)

satisfy the matrix Ablowitz—Ladik system (2.12).

If g5 = I, the relation (3.14) between r,, and v, is nothing but a discrete Miura transformation
[48]. The system (3.13) with a = —b = i gives an integrable semi-discretization of the
Gerdjikov—Ivanov equation (2.7), while (3.13) with a = b = —1 gives an integrable lattice
version of a higher symmetry of (2.7) (cf (3.45) in [27]) The semi discrete Gerdjikov—
Ivanov system (3.13) with b = a* admits the reduction r{ 1oq 2y and not the reduction
1aq
n—y"

Through the gauge transformation (3.4) with replacing r;; by r;7, the linear problem (2.8)

and the Lax pair for (2.12) are changed into

Dy = Lﬁq)n q)n,t = My?q)n
and
zl +l GpG 7)g°
Ly=| | N 1 7 )q” (3.15a)
7@ (_1 + 1_2) (I’ - r”H'lq”l Vl) 12 - _rn+lqn
a(z>— DI +aqyry_, ‘ b
; f @) (azq, +Zq,_
o | it —agiriar (acdy + 205-)
" 7o (Gl E) (h=riai) | b(=1+%)(h—rq) —aria;
(aZI’n_] + er?) _brr?ﬂql;3 1 bran,fr,gqrf’ 1

(3.15b)

Putting the Lax pair (3.15) into the zero-curvature condition (2.9), we exactly obtain the semi-
discrete Gerdjikov—Ivanov system (3.13). The L,-matrix (3.15a) depends on ¢y, ry and r;

n+l>
thus it is not ultra-local. It is an open question whether the system (3.13) possesses a Lax pair

with an ultra-local L,-matrix. In the continuum limit of space, we regenerate the eigenvalue
problem for the Gerdjikov—Ivanov system.
By a generalization of the transformation (3.14)

Upn = (gn vnz)\rrwl_rn +)"rn+1(fInrn
for (2.12), we obtain a generalization of (3.13):
Qn,t — aqn+1 + b(fInfl + (a - b)CIn + aCIn+l()\rn+l - rn)‘]n - b(fIn()"rnH - rn)‘]nfl
+a)"Qn+1rn+IQnrnQn - b)"QnrnHQnrnerfl =0 (316(1)
- brn+l tarp—1 + (b - a)rn - brn+l(Qn - )‘«Qn—l)rn +arn(Qn - )VQn—])rn—]
+ DA 1 GntnGn—1Tn — QA R GnTnqn—1Tn—1 = O. (3.16b)
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This system is considered as a one-parameter deformation of the matrix Ablowitz—
Ladik system (2.12). The change of variables g, = gOr" el=Dar(1=270bl ) - — Gy —n
e 10-—Dar(1=2"Db) apd scalings of a, b cast (3.16) into (3.13). Transformations of this kind are

very useful for applications of the discrete DNLS systems and we utilize them in sections 4.1
and 4.2.

3.4. Semi-discrete generalized DNLS system

In sections 3.4 and 3.5, we assume that dependent variables are scalar. As a discrete analogue
of (1.6), we consider the following transformation for the semi-discrete Gerdjikov—Ivanov
system (3.13):

=2y 2y
n 1 —q971r9 n 1 —q971r9
am=q [] (71 " L G’) m=rs [] (76’ ] . (3.17)
q;7;

1+4% 1S
j=—o0 j=moo \ ' T Aj=1Tj=1

Here y is areal parameter. It should be noted that both log (1 — %?71”;?) and log (1 + q,‘fr,f’) are
conserved densities for (3.13). The form of the transformation is so chosen that the reduction
1aq 1 results in r,, = 1oq e

The i 1nverse of the transformatlon (3.17) is written as

. S ACI) g (=qj-1r))
w = qn _— r =Ty (3]8)
=1 l_[ 8y (—=qj-1ryj) l_[ gy (qj—1ri—1)’

j=—00 J_*OO

Here g, (y) is defined by the functional equation

[1+yg, WM™ =g,().

By the successive approximation, g, (y) for a general value of y is expressed as the power
series:

&) =1=2yy+y6y +Dy*+---. (3.19)

Substituting (3.18) into the semi-discrete Gerdjikov—Ivanov system (3.13), we obtain an
integrable lattice version of the generalized DNLS system:

1

- N Qnrn+li| [l + (27/ + I)QrtrngV(QHrn)]
gy(—ann+1)

Gn,t — Aqni18y (Gni1Tns1) [

+bCIn71gy(_CIn71rn) [ +Qnrnj| [1 - (2)/ + 1)(]nrn+lgy(_Qnrn+l)]

gV(Qnrn)
+ (a - b)CIn - ZVanrnHQngy(_CInrnH) - ZVQQnrnQngy(Qnrn) =0 (3200)

[ brn+1gy(_CInrn+1) |: +Qnrni| [1 - (2)/ + I)anlrngy(_(fbtflrn)]

gy(Qnrn)
1

gy(_CInflrn)

+ (b —a)r, +2yar,qnrn&y (qutn) + 2y brygn_1r,8y (—qu—1r,) = 0.  (3.20b)

+arn-18y (Gn-1rn—1) [ - Qn—]rnj| [1+ Qy + Dgnrngy(gnra)]

System (3.20) with @ = —b = i gives an integrable semi-discretization of (1.5). As was
expected from the construction of (3.17), (3.20) with b = a* admits the reductionr, = iog* ,

n—3
Although (3.20) is not an explicit expression for general y, we can obtain approximate
expressions by using the power series (3.19).
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For some choices of y, g, (y) is written explicitly, e.g.

2 2 1 1 1
_ = —— 1 = — 1 = J1+-y2+=
g-1(y) <l+m> g-1(y) =y g-1(y) 20 T3y
2
$O) =T e
When y = —1/2,(3.20) coincides with the semi-discrete Kaup—Newell system (3.1) for scalar
variables.

go(y) =1

3.5. Alternative semi-discrete Chen—Lee—Liu system

Setting y = —1/4 in (3.20), we obtain an integrable semi-discretization of the Chen—-Lee-Liu
system which is different from (3.9). We write the equation for g,:

Qn,t —a {1 + (qn’"n)2 +Qnrn\/1 + (Qnrn)z} ”:\/1 + (Qn+1rn+l)2 +Qn+lrn+1:| |:\/ 1 + (Qnrn+l)2
- Qnrn+li| qn+l — Qn} +b {1 + (annﬂ)2 - Qnrn+l\/ 1 + (Qnrn+l)2}
X ”:‘/ 1+ (gu_1rn)? — qn_lrni| |:,/ 1+ (gury)? +ann] qn—1 — qn} =0.

(3.21)

Here we have changed the scaling of g,,r, to eliminate fractions. The alternative semi-discrete
Chen—Lee—Liu system ((3.21) and the equation for r,) with b = a* admits the reduction
ry = iaq:_%. In this respect, the alternative system is superior to the semi-discrete Chen—
Lee—Liu system (3.9).

System (3.9) for scalar variables is related to the semi-discrete Gerdjikov—Ivanov system
(3.13) via the transformation

n n 1

q:(;:qs l_[ (1_q§’—1r;}) rg:rs l_[ 1 —g% 76"

jm—o0 jemeo 41T
These relations among the semi-discrete DNLS systems (3.1), (3.9) and (3.13) can be
generalized to the case of matrix-valued variables (cf [29]).

4. Systems related to the semi-discrete DNLS

In this section, we obtain integrable semi-discretizations of various systems through
transformations and reductions for the semi-discrete DNLS systems.

4.1. Semi-discrete mixed NLS systems

The so-called mixed NLS equations are obtained as a mixture of an integrable DNLS equation
and the NLS equation [16, 22-24, 30, 49, 50]. To give an actual example, we add +cq2r
and —cr2q to the left-hand sides of (1.5), respectively. Since the mixed NLS equations are
connected with the original DNLS equations through transformations of variables, they are
also integrable. By a semi-discrete version of such transformations

i(On+ept) —i(On+et)

qn —> gn € Iy —>1,¢€
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for the semi-discrete DNLS systems, we straightforwardly obtain integrable semi-
discretizations of the mixed NLS systems.

4.2. Semi-discrete NLS equations and semi-discrete mKdV equations

For special choices of the parameters 0, ¢, the semi-discrete mixed NLS systems are reduced
to novel lattice versions of the NLS equation and the mKdV equation.

Substituting g¥ = (—1)"e*®=g,, r = (=1)"e*@=P"r, into the semi-discrete Kaup—
Newell system (3.1), we obtain

('In,t + a(ll - Qn+lrn+1)7l(IIn+l + a(Il - Qnrn)71¢In - b(Il - Qnrn+l)7IQn
— bl — gu_172) "' @1 +2(b — a)g, = O (4.1a)

Fn,t +b(12 - rn+]Qn)71rn+l +b(12 - rnQn—])ilrn - a(IZ - rnQn)ilrn
—a(ly — Fp_1Gn-1)"'rp_1 +2(a — b)r, = O. (4.1b)

Putting ¢¢ = (—=1)"e*?="g,, r¢ = (—1)"e*@ D', into the semi-discrete Chen-Lee-Liu
system (3.9), we obtain
Gn,t +a(Gni1 + qn) (L + 1aqy) — b(gn +gn-1) > — rnQn—])71 +2(b—a)g, = O

(4.2)
It +b(12 - rn+1¢1n)71(rn+l +rn) - a(12 +rn¢]n)(rn +rn71) +2(a - b)rn - 0

Substitution of g¢ = (—1)" e*®=Vg, 1 = (—1)" @Dy, into the semi-discrete Gerdjikov—

Ivanov system (3.13) yields

qn,t + adqn+1 — an—] + (b - a)Qn + QQn+](rn+l + rn)Qn - bQH(rnH + rn)Qn—l
+aqgne1Tnea1qntngn — anrn+IQHrnQn—] =0 (4361)

In,t + brn+1 —arp—1+ (a - b)rn + brn+1(‘]n + anl)rn - arn(‘]n + anl)rnfl
+brn+l¢]n’"n‘]n71rn — arpqntnqn—1rn—-1 = 0. (43b)

Systems (4.1)—(4.3) give integrable semi-discretizations of the matrix NLS equation for

a = —b = —1i and the matrix mKdV equation for a = b = 1, respectively.

In the continuous theory, the matrix NLS equation (1.1) and the matrix mKdV equation

(see (4.24) in [4] or (2.12) in [7]) admit either of the reductions v = ou* and v = ou’. The
system (4.3) with b = a* admits the reduction r,, = oq;‘_l and not the reductionr, = 5@2_1-

This is similar to the property of the matrix AblowitziLadik system (2.12) explained izn
section 2.2. The system (4.1) with b = a* admits the reduction r, = crqjl_l as well as

the reduction r, = og* . In this respect, the differential-difference scheme (4.1) faithfully
n—-s3

inherits the property of the continuous hierarchy. This enables us to obtain integrable semi-
discretizations of reductions of the matrix NLS hierarchy, e.g. the coupled NLS equations
[5, 9], the coupled Hirota equations [6, 30, 51, 52] and the coupled Sasa—Satsuma equations
(cf section 4.3).

4.3. Semi-discrete Sasa—Satsuma equations

If dependent variables are real matrices, the Hermitian conjugation coincides with the
transposition. The matrix mKdV equation in this case takes the following form [6, 7, 53]:

Up + Ugpy — 30 (uxtuu+u’uux) = 0. 4.4)
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Let us consider the vector reduction: u = (uy, ..., us) € R¥" [4, 10]. Defining a set of
complex variables by ¥, = uor—1 +iuy(k =1, ..., m), we obtain the coupled Sasa—Satsuma
equations [10, 30, 54, 55] (cf (4.26) in [4]),

Py + P — 30911, — 30 (I9]7).9 = 0. (4.5)

Here b = (Yq, ..., ¥,,) € C™.
The system (4.1) witha =b = landr, = o ’qn,l gives an integrable semi-discretization

of the real matrix mKdV equation (4.4). Following the same procedure as in the continuous
case, we obtain an integrable lattice version of the coupled Sasa—Satsuma equations (4.5).

4.4. Semi-discrete KdV equations

If we consider the reductiona = b = 1,¢qg, = I + p,,r, = I for (4.1), we obtain a matrix
generalization of a semi-discrete KdV equation [48, 56],

—1 —1
Pni = pn+] _pn—l‘

Through the reductiona =b =1,q, = —1 +y,,r, = I for (4.3), we obtain a matrix version
of a semi-discrete KdV equation [48],

Yot + Yns1 Ve — Yovu—1 = O.

4.5. Semi-discrete Burgers systems

The matrix Burgers equation,

45 — qx +24,9° = O (4.6)
is obtained as the reduction 7 = —1 for the Chen—Lee—Liu equation (2.6) (after scalings). The
Hopf-Cole transformation g¢ = —F, F~! casts the linear diffusion equation F;, — Fy, = O
into (4.6).

In asimilar way, we obtain integrable semi-discretizations of the Burgers equation together
with its higher symmetry. Equating r; with —I in the semi-discrete Chen—Lee—Liu system
(3.9), we obtain

0, —algin—a) (I —qS)—blg—gqC ) (I—g- ) '=0. @7

The substitution [ — g, = Fy4 Fn_1 relates (4.7) with the linear equation
Fn,l — aFnH +bFn_] + (a — b)Fn = 0.

Setting r, = —1 in the alternative semi-discrete Chen-Lee—Liu system (3.21), we obtain

Gn.s —\/1 +4q; {a [\/1 + 4,41 _QH+lj|Qn+l —a [,/1 +4q; —qn} Gn
+b|:,/1+q3+qn:| qn —b|:,/1+qj1 +qn1} qnl} =0. 4.8)

The substitution [,/ 1+q2 — qn]2 = fur1 f, ! connects (4.8) with the linear equation
fn,l - afn+l + bfn—] + (a - b)fn =0.

The systems (4.7) and (4.8) give two lattice versions of the Burgers equation fora = —b = 1
and its higher symmetry for a = b = 1, respectively.
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5. Semi-discrete massive Thirring-type models

In section 3, we obtained the Lax pairs for the semi-discrete DNLS systems. If we can
replace the M,,-matrices with appropriate ones, we obtain integrable semi-discretizations of
the massive Thirring-type models. For this purpose, the Lax pair introduced in appendix A
provides useful information.

5.1. Semi-discrete Kaup—Newell type

For the semi-discrete Kaup—Newell system in section 3.1, we replace the M,,-matrix (3.5b)
with the following one:

5.1)

oo L [eh =2k =2) e 2if (2)¢%
n_Z_l 21 (_1+i) K _ZI +2(Z—l) K¢K .

f@ 22) Xn 2 2) XnPn
Here ¢, and x, are new variables which are, respectively, /; x [, and [, x [; matrices.
Substituting the Lax pair (3.5a) and (5.1) into the zero-curvature condition (2.9), we obtain

q;,z +1i (¢:1( + ¢:1(+1) +2 (q:’l(xl’ll(+l¢}}’l( + ¢E+]X;+IQ;1() =0
T s =10+ Xosr) = 2 (T Dh X + Xa®pr) = O
by — Gy +ig, = O

K K - K
Xn = Xn+1 — 1y =0.

Z

(5.2)

The system (5.2) gives an integrable semi-discretization of the massive Thirring model of the
Kaup—Newell type (see (A.4) in [29]). As we expect from the property of the semi-discrete
Kaup-Newell system (3.1), (5.2) admits either the reduction r; = iocg"* ,, x5 = io@** | or
n—s n—s
the reduction 7* = iog"' |, x¥ =io¢*' .
l’l—i Yl—i
We can eliminate ¢ and ) to obtain an integrable semi-discretization of the Mikhailov
model (see (4.21) in [37] or (3.47) in [27]),
(/J)rlz(,t - ¢;+1,t + ¢;l< + ¢;+1 +2 (¢;I(X;l(+l¢:‘l( - ¢;+1X;l(+l¢:‘l(+l) =0

Kot = Kot * X F Xwr = 2 (B Xt = X1 @i Knet) = O
Through the reduction ¢, = (—1)"(w, +1/4), x; = (—1)"1, (5.3) collapses into the simplest
version of the dressing chain [57],

(5.3)

2 2
Onl + Oy + 205, — 2w, = 0.

5.2. Semi-discrete Chen—Lee—Liu type

For the semi-discrete Chen—Lee—Liu system in section 3.2, we replace the M,,-matrix (3.12b)
with the following one:

(5.4)

M= 5"1 ] 2if(z)¢,? |
n s () —eh2( -2 e

z—1
Plunging the Lax pair (3.1;a) and (5.4) into the zero-curvature condition (2.9), we obtain
q, ., +2idy, +2q, xp by = O
Tt = 2011 = 2Xp1Ppai Ty = O
by = et +ig, +q,r, 4, = O

[¢ [¢ . .C [¢ c.c__
Xn = Xn+1 =Wy = Xyr19nTn = 0.

(5.5)
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The system (5.5) gives an integrable semi-discretization of the massive Thirring model
(see (A.3) in [29]). As we expect from the property of the semi-discrete Chen—Lee—Liu
system (3.9), (5.5) admits neither the reduction r; = iog,*,, x, = io¢,*, nor the reduction

ry = iaqik, Xy = iaq&;ik. In section 5.4, we obtain an alternative semi-discretization of the
massive Thirring model without this drawback.

5.3. Semi-discrete Gerdjikov—Ivanov type

For the semi-discrete Gerdjikov—Ivanov system in section 3.3, we replace the M, -matrix
(3.15b) with the following one:

M, = 1 [ 2i 1 %Il 2i-f(Z)d)Z’l i| .
7o (Sl 2) (h=riay ) xi  —2h+2i(z = 2)rigy
Putting the Lax pair (3.15a) and (5.6) into the zero-curvature condition (2.9), we obtain
Gy +1(0) + D) +1(aam0) — $liring,) = O
P =100+ ) +1 (01 X0 = Xaladyry) = O
¢:(13 - ¢rcz’+] +iqs + (qsr;"bﬁ +¢r(;’+]rls’+lql(’i) =0
Xo = Xoiwr =113 = (1051 X5 + Xt @a7y) = O
The system (5.7) gives an integrable semi-discretization of the massive Thirring model of the
Gerdjikov—Ivanov type (see (A.4) in [29] with interchanging ¢ and x). As we expect from

the property of the semi-discrete Gerdjikov—Ivanov system (3.13), (5.7) admits the reduction
re =ioql" . x; = io¢S" , and not the reduction ry = iog’ . x = ia¢jf_%.

(5.6)

1
< z

(5.7)

If we eliminate fox and X, we obtain another semi-discretization of the Mikhailov model,
qsﬂ,t (12 - I’;Hq,?) - (Il + Qr?+lrr?+l) %?,z - Qrf - Qr?+l =0
r;’+l,z (Il +C],?r,(:) - (12 - rr?+]‘1r?) r;’,z - r;’ - rr(z}+l =0.

Comparing (5.8) with (5.3), we note the interchange of space and time. Through the reduction
q; = (=1)"(&, = I),r{ = (=1)"I for (5.8), we obtain the following equation:

(§n+l$n)t = $n+] —&,.

(5.8)

5.4. Alternative semi-discrete Chen—Lee—Liu type

We assume that dependent variables are scalar and consider the transformation (3.17) together
with

—2y 2y
" 1 —q5 ¢ " 1 —qf ,r9,
bn = &, e Xn = Xn — (5.9)
njDoo L+, ' jBoo T+giariy
Substituting the inverse transformation into (5.7), we obtain an integrable semi-discretization
of a generalized massive Thirring model. When y = —1/2, the obtained system coincides
with (5.2). Setting y = —1/4, we obtain an integrable semi-discretization of the massive
Thirring model which is different from (5.5). We write the equations for g, and ¢,:

qn,t +i[v 1+ (QHrn)2+QHrn]¢n +1[ 1+ (QHrrH])Z _Qnrn+l:|¢n+] +2 [V 1+ (an,,)z

+ Qnrn] ¢an+lCIn +2 [ 1+ (Qnrn+1)2 - QnrnH] ¢n+1Xn+lQn =0 (51061)

[VT+ @ + qura | &0 = [VI+ @urae? = quraes | 01 +ia, = 0. (5.100)
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Here we have changed the scaling of g,r, to eliminate fractions. Unlike (5.5), the alternative
semi-discrete massive Thirring model ((5.10) and the equations for r, and x,) admits the
reductionr, =1ioq* |, xa =io¢" .

6. Concluding remarks

In this paper, we have investigated integrable discretizations of the DNLS systems from the
point of view of a Lax-pair formulation. We have found that lattice versions of the Kaup—
Newell system, the Chen—Lee—Liu system and the Gerdjikov—Ivanov system are embedded
in a generalization of the Ablowitz—Ladik system. With appropriate gauge transformations,
the eigenvalue problems for the lattice systems coincide with the continuous counterparts in
the continuum limit. Using a discrete analogue of the phase transformation (1.6), we obtain
a lattice version of the generalized DNLS system by Kund. All the discrete DNLS systems
but the semi-discrete Chen—Lee—Liu system (3.9) admit the reduction of complex conjugation
between two dependent variables. This property is indispensable for applications such as
difference schemes for numerical computation or modelling of nonlinear lattice vibrations.
We stress that the discrete DNLS systems have relations to a variety of discrete integrable
systems. Through changes of variables and reductions, we obtain integrable discretizations
of the mixed NLS, matrix NLS, matrix KdV, matrix mKdV, coupled Sasa—Satsuma, Burgers
equations, etc. From the eigenvalue problems for the discrete DNLS systems, we derive
integrable discretizations of the massive Thirring-type models.

Besides the Ablowitz—Ladik system, there are other integrable discretizations of the NLS
hierarchy. We conjecture that other discrete DNLS systems are embedded in the discrete NLS
systems. In fact, we obtain another semi-discretization of the Gerdjikov—Ivanov system in
connection with the semi-discrete NLS system studied in [58] (see also [33, 43]). However,
the obtained system does not admit the reduction of complex conjugation. Thus it is less
attractive than (3.13). The example implies that the Ablowitz—Ladik formulation is an optimal
starting point for the study of discrete DNLS systems.

The NLS and DNLS systems for scalar variables possess tri-Hamiltonian structure
[59, 60]. The three sets of Poisson brackets are, respectively, the §'(x — y) type for the
Kaup—Newell system, the §(x — y) type for the Chen—Lee—Liu system and the §(x — y) type
for the NLS system. We should note that all these systems are connected via transformations
of the dependent variables. We infer that the lattice versions of these systems studied in
this paper possess tri-Hamiltonian structure. The discrete counterpart of the first Hamiltonian
structure is (3.6) for the semi-discrete Kaup—Newell system (3.1). The Ablowitz—Ladik system
(2.12) has a set of ultra-local Poisson brackets [61-63] which is the discrete analogue of the
third Hamiltonian structure. Since the lattice systems are each connected with the others
through changes of variables (see section 3), they are at least bi-Hamiltonian. We have not
found the discrete counterpart of the second Hamiltonian structure for either the semi-discrete
Chen—Lee—Liu system (3.9) or the alternative system (3.21). It remains an unsolved problem
to prove explicitly that the Ablowitz—Ladik system and the semi-discrete DNLS systems are
tri-Hamiltonian.
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Appendix A. Semi-discrete sine-Gordon equation as a negative flow of the
Ablowitz-Ladik hierarchy

In this appendix, we prove that a semi-discrete sine-Gordon equation and its generalization
are integrable via the ISM based on the Ablowitz—Ladik eigenvalue problem. We introduce
the following form of the Lax pair:

n 1 ln n
L,,:[Z ”l} M, = l[z“ b } (A.1)

Un z Z— z Cn —Zdy

Here z is the spectral parameter. u,, v,, a,, b,, ¢, are scalar variables. The M, -matrix is
simpler than that by Ablowitz and Ladik [18], while the L,-matrix is the same. Substituting
(A.1) into the zero-curvature condition (2.9), we obtain the following six equations:

Ay — Qpe1 + UpCp — Vybpyy =0 (A.2a)
Un(Ccn — Cns1) + Vn(by — bys1) =0 (A.2D)
by — by — up(a, +ane) =0 (A2c)
Cp — Cptt + Up(@y + any1) =0 (A.2d)
Ups+by —upa, =0 (A.2¢)
Upy — Cp — Upa, = 0. (A.2f)
Thanks to (A.2¢) and (A.2d), we can write u, and v, in terms of a,, b,,, ¢,:
", = b, — by v, = _Cn — Cntl ) (A.3)
ap + dp+l ap + apt1
Then (A.2b) is automatically satisfied. Putting (A.3) into (A.2a), we obtain
a’+byc, = n* (A4)
where 7 is a constant.
If we set
a, = ncos6, b, = ¢, = nsin6,

u, and v, are expressed as

Up = —Vpy = —————— =

sin 9, — sin 0,4 0, — 0,41
=tan| — ).
cos 6, + cos 6,41 2

Then (A.2¢) and (A.2f) are combined into a semi-discrete sine-Gordon equation [64, 65],

On+1.s — Ony = 1(sin by, +sinb,4). (A.5)
By defining o, by 6, = (&, + otp41) /2, we rewrite (A.5) as [20]
n + n
Cptlr — Op = 27] sin (%) (A6)

under appropriate boundary conditions.

More generally, b, and ¢, are functionally independent. Substituting a, = v/n% — b,c,
into (A.3), (A.2¢) and (A.2f), we obtain a semi-discretization of the reduced equation for the
O(4) nonlinear o -model [40],

bn - bn+l + bn 772 - bn+lcn+1 + bn+l\/ 772 - bncn -0 (A 7(1)
\/772 - bncn + \/772 - bn+lcn+l t \/772 - bncn + \/772 - bn+lcn+]

Cn — Cp+l + Cn/ 772 - bn+lcn+1 + Cn+1v/ 772 - bncn -0 (A 7b)
\/772 - bncn + \/772 - bn+lcn+l t \/772 - bncn + \/772 - bn+lcn+]
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If we set n = 0 and b, = —c, = e, (A7) is simplified to a semi-discrete Liouville
equation [66],

¢n+1,t - ¢n,t = e¢n + e¢n+1_

We have shown that the semi-discrete sine-Gordon equation (A.5) and its generalization
(A.7) are associated with the Ablowitz—Ladik eigenvalue problem. Thus they are integrated
by the ISM straightforwardly. The semi-discrete sine-Gordon equation (A.5) is associated
with another ISM-solvable eigenvalue problem [64, 65]. It is now clear that the difference
between the two eigenvalue problems is not essential (see also [21]). We obtain a lot of
knowledge on the semi-discrete sine-Gordon equation and its generalization from the study of
the Ablowitz—Ladik hierarchy.

In section 5, we investigate integrable semi-discretizations of the massive Thirring-type
models. The M,-matrix in (A.1) with the constraint (A.4) gives helpful information for that.

Appendix B. Time discretizations of semi-discrete sine-Gordon equation

In this appendix, we discuss time discretizations of the semi-discrete sine-Gordon equation
and its generalization obtained in appendix A. We consider a time discretization of (2.8)

\pn+1 = Ln\pn \pn = Vn\pn (Bl)

where the tilde denotes the step-up shift (! — [+1) in the discrete time [ € Z. The
compatibility of (B.1) leads to a full-discrete version of the zero-curvature condition [63, 67]:

an Vi = Vs La. (BZ)
As a discrete-time analogue of (A.1), we introduce the following form of the Lax pair:
n 1 h 1 n bn
an[z ”1} Vn:[ 0}+—][1“ } (B.3)
Un 2 0 1 -1l —za,

Here h denotes the difference interval of time. Substituting (B.3) into the zero-curvature
condition (B.2), we obtain the following six equations:

Ay — Qpy1 + 0y Cp — Vybpey =0 (B.4a)
tyCh — UnCpy1 + Dpby — Vpbpyy =0 (B.4b)
b, — by — iya, — upape =0 (B.4c)
Cp — Cpat + Upay + Vpape; =0 (B.4d)
ity —uy +hb, —itna,) =0 (B.4e)
Uy — vy, — h(cy, + Upa,) = 0. (B.4f)
Thanks to (B.4c) and (B.4¢), we can write u,, and ii,, in terms of a,, and b,,:
‘i han T aramham O

Similarly, using (B.4d) and (B.4f), we express v, and ¥, in terms of a, and c¢,:
Cp — Cpy1 t+ hancn+l Cn — Cp+l — han+lcn

v, = (B.5b)

ap +ap+1 — hanan+l B ap +ap+1 — hanan+l ’
It is easily seen that (B.4b) is automatically satisfied. Putting (B.5) into (B.4a), we obtain

a,% +b,c, = 172(1 — ha,) or, equivalently,

2\ 2 2
<a,, + h%) e [1 + (%’7) ] | (B.6)

Here 7 is a constant.
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Relations (B.5) lead to the following system,

by — bps1 + hiyb, by — bps1 — hay.1by
+1 apbp+1 _ +1 ap+1 —0 (B.74)

an + an+] - hananﬂ ap +ap+1 — hanan+l

En - En+l + hananﬂ Cn — Cp+l — han+lcn -0 (B 7b)

Zln + Zin+1 - hénérwl ap +ap+1 — hanan+l

where a,, b,, ¢, are related through (B.6). Substituting

hn? % hn\®
an=—i+n I+ -1 cos 6y by=c,=n1+ - sin 6,
2 2 2

into (B.7), we obtain an integrable time discretization of the semi-discrete sine-Gordon
equation (A.5). More generally, putting

hn? hn?\?
a,,:—i+ n%+ i — bycn
2 2

into (B.7), we obtain an integrable time discretization of the semi-discrete reduced nonlinear
o-model (A.7).

We shall extract a celebrated full-discrete sine-Gordon equation from (B.4). The equation
is interpreted as an integrable time discretization of (A.6). We introduce the following
parametrization:

hi? hn\* Ay + oty
a, = _a 0.1+ TN cos [ Ln T onet (B.8a)
2 2 2
’“7 2 . &n + Uyt
by=c,=n,1+(—) sin| ———— (B.8b)
2 2
u, = —v, = tan <%> . (B.8¢)

It is sufficient to consider (B.4a), (B.4c), (B.4e¢) among (B.4). For brevity, we employ the
following abbreviations:

~ ~ 2

T +40tn+1 5 = o +4ocn+1 PR )y e s (%ﬁ) .
Under the parametrization (B.8), we rewrite (B.4a), (B.4c), (B.4e) respectively as
COS Xp COS Yns1 __ COS Yn COS X1 (B.94)
COS(Xp — Yus1)  €OS(Yn — Xns1)
k sin x;, COS Y41 + COS X, SIN Yy41 _ sin y, COS X,4+1 + k COS ¥, SIN X4 (B.9b)

COS(Xn — Yn+1) co8(Yn — Xn+1)
k sin x,, co8 y,1 — k™ cos x, Sin Yy _ Sin Y, COS X1 — COS Yy, SIN X4 . (B.96)
cos(Xp — Yn+1) cos(yp — Xn+1)

With the help of (B.9a) we combine (B.9b) and (B.9c¢) into one equation:
ktan x, = tany,. (B.10)
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Conversely, all of the relations (B.9) hold if x, and y, satisfy (B.10). Equation (B.10) is the
celebrated full-discrete sine-Gordon equation [68]. It is easily cast into the standard form [19],

~ ~ h ~ -
. Oy +0pyl — Oy — O] 7'7 . Oy + Opyl + 0y + Apy
sin = sin .
4 '\ 2 4
I+ (7)
We have obtained integrable full-discretizations of the sine-Gordon equation and the

reduced nonlinear o-model. The obtained equations are integrable via the ISM based on the
Ablowitz—Ladik eigenvalue problem.
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